The well-known generalized estimating equations (GEE) is widely used to estimate the effect of the covariates on the mean of the response variable. We apply the GEE method using the asymmetric least-square regression (expectile) to analyze the longitudinal data. Expectile regression naturally extends the classical least squares method and has properties similar to quantile regression. Expectile regression allows the study of the heterogeneity of the effects of the covariates over the entire distribution of the response variable, while also accounting for unobserved heterogeneity. In this paper, we present the generalized expectile estimating equations estimators, derive their asymptotic properties and propose a robust estimator of their variance-covariance matrix for inference. The performance of the new estimators is evaluated through exhaustive simulation studies, and their advantages in relation to existing methods are highlighted. Finally, the labor pain dataset is analyzed to illustrate the usefulness of the proposed model.
Introduction
Longitudinal and clustered data arise in many application fields such as epidemiology (Smith et al. 2015) , genetics (Furlotte, Eskin, and Eyheramendy 2012) , economics (Hsiao 2007) , and other fields of biological and social sciences. They are characterized by the presence of a within-subject dependence which gives them desirable properties over the cross-Sectional data. However, that dependency makes the statistical analysis challenging and needs to be addressed in order to generate unbiased and high efficient estimators. Generalized estimating equations (GEE) (Liang and Zeger 1986 ) is a commonly used method for the analysis of such data within a marginal model framework.
A marginal model estimates the expectation of the marginal distribution of the outcome without specifying the within-subject dependence, like cross-Sectional models (Fitzmaurice et al. 2008 , Diggle et al. (2013 ). The GEE model completes the marginal model by introducing a "working" covariance matrix in the estimation process to account for the within-subject dependence. As a result, the GEE yields a consistent estimator with high efficiency even with misspecification of the true covariance structure (Liang and Zeger 1986 ). The GEE model estimates only the effects of the covariates on the expectation of the marginal distribution of the outcome. The expectation is a very important summary statistic, but limiting the study of the effects of the covariates to this is not enough unless the covariates uniformly affect the whole distribution of the response variable. With its favorable properties, the GEE can be extended beyond the mean using the expectile regression (ER). ER models the relationship between the covariates and the response variable by estimating the effect of the predictors at different points of the conditional cumulative distribution function (c.d.f.) of the response variable. These points are generally the mean (expectile of level 0.5), and other expectiles above and below the mean. ER estimates the impact of the covariates on the location, scale, and shape of the response distribution. By doing so, the ER captures the heterogeneity of the effects of the covariates on the response variable; for example, when covariates affect the mean and the tail of the distribution in different ways.
is the asymmetric square loss function that assigns weights τ and 1 − τ to positive and negative deviations, respectively.
By equating the first derivative of (1) to zero, the expectile can also be defined as solution of
where µ = µ 0.5 (Y ) = E(Y ). This definition, presented by Newey and Powell (1987) , shows that expectile is determined by the tail expectations of the distribution of Y. Interestingly, we found that expectile can be defined as
where ψ τ (t) = |τ − 1(t ≤ 0)| is the check function. This latter definition, which is much more meaningful in the context of regression, reveals that expectiles, like the mean, are weighted averages.
Given a random sample, {(y i )} n i=1 , the τ -th empirical expectile
is the solution which minimizes the empirical loss function Newey and Powell (1987) have shown that expectile function has attractive properties. Expectile summarizes the c.d.f. of Y in the same way that quantile does. Moreover, expectile is location and scale equivariant, that is for s > 0 and t ∈ R, µ τ (sY + t) = sµ τ (Y ) + t. More details about the properties of expectile and results on ER are given by Efron (1991) .
To introduce the ER method, consider the classical linear regression
where y i is the scalar response, ε i is the random error, x i ∈ R p is the vector of covariates and β ∈ R p is the unknown parameter that needs to be estimated. Under this framework, Newey and Powell (1987) introduced the ER model for a fixed τ ∈ (0, 1) as µ τ (y i |x i ) = x i T β τ , with µ τ (ε i ) = 0.
The assumption µ τ (ε i ) = 0 ensures that the random error is centered on the τ -th expectile. The corresponding ER estimator is defined as the unique solution which minimizes the objective function
over β τ ∈ R p . The asymmetric loss function associated with the expectile function is continuously differentiable, and solving equation (6) gives
where ε it = y i − x i T β τ . The ER estimator is easily computed with the iterated weighted least squares algorithm. In addition to deriving the asymptotic properties of the above ER estimator, Newey and Powell (1987) proposed a robust estimator of the variance-covariance matrix of β τ .
Note that the ER estimator was presented previously by Aigner, Amemiya, and Poirier (1976) through a likelihood-based approach. The likelihood is derived by assuming an asymmetric normal distribution (AND) for the disturbance, u ∼ AND(u; µ τ , σ 2 , τ ), with density
where µ τ , σ, and τ are respectively the location, scale and asymmetric parameters. Now substitute µ iτ = x i T β τ and assume the n observations are independents, then the ER estimator is equivalent to the maximum of the likelihood function
where y = (y 1 , . . . , y n ) T . The AND distribution is not to be confused with the class of density functions related to the standard density function and proposed by Azzalini (1985) .
GEEE for longitudinal data
This Section presents the model and method of the GEEE for longitudinal data. Consider the data {y it , x it } 1≤i≤n,1≤t≤mi generated by the following model
where y it is the t-th observation of the response variable for the i-th individual,
) is the p × 1 covariates, ε it the random error and β the p × 1 true parameter vector that needs to be estimated. Equation model (9) can be conveniently represented in individual notation as
where y i is the dependent observations of the response variable of the individual i, X i the corresponding m i × p matrix covariates and ε i the vector error. Individual observations can also be stacked and presented in matrix form as
where y and ε are N × 1 vectors, X is N × p matrix and N = n i=1 m i . Using the location-scale equivariance property of the expectile function, the corresponding conditional expectile of level τ of the model equation (9) is defined as
The assumption, µ τ (ε it ) = 0, is introduced to guarantee that the random error is centered on the τ -th expectile. The parameter β τ measures the effect of the covariates x it on the location, scale and shape of the conditional distribution of the response.
A practical estimator of the parameter can be obtained by looking for the solution of the following expectile estimating equations
where
The resulting estimator β Iτ can also be derived as the minimizer of the following objective function
over β τ ∈ R p . The explicit form of the resulting estimator β Iτ is similar to (7).
When τ = 0.5, the estimator β Iτ corresponds to the GEE estimator introduced by Liang and Zeger (1986) with an independent working correlation between observations from the same subject. This fact is exploited to extend the GEE to the generalized expectile estimating equation (GEEE).
The GEEE method models the underlying correlation structure from the same subject by formally including a hypothesized structure with the within-subject correlation. For a fixed τ, the GEEE estimator β τ is derived by solving the following GEEE equations
where V iτ is a working covariance matrix represented as
and σ 2 τ is the nuisance parameter. A iτ is the m i × m i diagonal matrix with the variance function ν(µ i ) as diagonal elements and R i (α τ ) as the working correlation matrix.
The working correlation matrix R i (α τ ) describes the correlation pattern of within-subject observations with the K × 1 vector parameter α τ . Liang and Zeger (1986) proposed several types of working correlation structures (independent, exchangeable, autoregressive, unstructured, etc.) for the case τ = 0.5. These working correlations are adapted and extended to the GEEE approach. The extension of some of the most common and popular ones are presented below.
The GEEE independent working correlation structure is the simplest form of working correlation with identity matrix and is the structure assumed by the expectile estimating equations model (13). The GEEE exchangeable structure is a simple extension of the independence working correlation. It assumes a common correlation, ρ tsτ = α τ , ∀t = s, between any pair of measurements. The GEEE AR1 structure correlation defines the correlation of a pair of observations as a decreasing function of their distance in time, ρ tsτ = α |t−s| τ . This structure assigns the highest correlation to adjacent pairs of observation and the lowest correlation to distant pairs. The GEEE unstructured, as its name suggests, imposes no structure to the correlation matrix and defines the correlations of all pairs of measurements differently, without any explicit pattern,
All these types of working correlation are usually unknown and must be estimated. They are estimated in the iterative fitting process using the current value of the parameter vector. Indeed, the estimators can be computed as iterated weighted least squares estimators. The estimation algorithm for the GEEE exchangeable working correlation can be summarized as the following stepwise procedure.
Algorithm: The GEEE algorithm
Step 1. Let β (0) τ = β Iτ , the estimator obtained from (13).
Step 2. Given β (r−1) τ from the r − 1 step update
Step 3. Update β
Step 4. Repeat the above iteration, Steps 2-3, until convergence.
The algorithm also applies to other types of working correlation; simply choose the appropriate estimator of the parameter α which is either a scalar or a vector, depending on the type of correlation. For example, for a GEEE autoregressive AR1 working correlation structure, the scalar parameter α τ is estimated by
For a GEEE unstructured working correlation structure, every element of the m i (m i + 1)/2-vector parameter α τ is estimated by
Generalization to other GEEE-working correlations is straightforward.
In Section 3 it shown that the GEEE estimator β τ is consistent and asymptotically normally distributed. In addition, the simulation results of Section 4 show that the GEEE method yields a consistent and highly efficient estimator even with a misspecification of the true covariance structure.
GEEE for a sequence of expectiles
The sequence of expectiles is often necessary, usually the mean and a few expectiles above and below the mean, to describe the effect of the covariates on the conditional distribution of the response variable. Also the simultaneous estimation allows them to share strength among each other and to gain better estimation accuracy than individually estimated (Liu and Wu 2011) . For a fixed τ = (τ 1 , . . . , τ q ) the GEEE estimating functions are defined as
where S τ k is defined in (15), and
is the q × q matrix of weights controlling the relative influence of the q expectiles.
is a qm i × qm i block-diagonal working covariance matrix. For any fixed τ k , the expression of the m i × m i matrix V iτ k is given by (16) and
The parameter β τ is obtained using the iterative re-weighted least squares algorithm as shown above for a single expectile.
In the next Section, the asymptotic properties of the GEEE estimator are presented for a sequence of expectiles.
Asymptotic properties
This Section presents the asymptotic properties of the GEEE estimator for several fixed expectiles τ . In the first step, the asymptotic properties of the GEEE estimator β Iτ with the independent working correlation structure are presented. Subsequently, the asymptotic properties of the GEEE estimator β τ with a general correlation structure are derived. The main reason for presenting the results of β Iτ separately is that; it is also the estimator of the expectile regression for a marginal model based on the AND distribution (8). In the following Section, we assume that n → ∞ and that m = max 1≤i≤n m i is fixed. The proof of all results can be found in the Appendix.
Asymptotic properties for the independent GEEE
To begin, assume the following conditions.
A1. The data {(y
are independent across i, and
.
A2.
The limiting forms of the following matrices are positive definite
Assumptions A1-A3 are standard for longitudinal data models. Condition A1 ensures independence across individuals, but permits a within-dependency between observations of the same individual and allows heterogeneity across individuals. Condition A2 is a standard full rank condition. Observe that, when τ = 1/2, then Σ i0.5 = 1/4 Var[ε i0.5 ] becomes the variance of ε i up to a factor and
, we see that this factor disappears in the expression of the variance of the estimator. Hence, when τ = 1/2, the condition A2 is reduced to a condition on the matrices N
is important both for the convergence and for the Lindeberg condition. The following Theorem states the results of the asymptotic properties of the GEEE estimator β Iτ assuming an independent working correlation structure.
Theorem 1. Assume that β Iτ is the solution of the estimating function (13) and suppose the data are generated by model (9), and that conditions
In order to use this new estimator β Iτ to make inference, an estimator of its VC-matrix is presented in Theorem 2. This will make it possible to construct large sample confidence intervals or hypotheses tests. This estimator is a generalization of the robust VC estimator proposed by White (1980) and used in, among other things, multilevel analysis (Liang and Zeger 1986) . This estimator inherits the same property namely in that it takes into account the within-subject-correlation and the heteroscedasticity between subjects. In sum, the proposed VC-matrix estimator is a commonly advocated covariance matrix estimator for longitudinal data. Let,
) and ε iτ is obtained by replacing β τ with β Iτ in the expression of ε iτ . Then, we have Theorem 2. Theorem 2. Suppose the data are generated by model (9) and that conditions A1-A3 are satisfied. If
Asymptotic properties for the general GEEE estimator
After presenting the asymptotic properties of the GEEE-independent working correlation estimator, this subSection presents the asymptotic properties of the GEEE-estimator for a general working correlation. Assume that
are independent across i and Var Ψ τ (ε iτ )ε iτ = Σ iτ .
B2.
The following Theorem derives the asymptotic properties of the GEEE estimator with a general working correlation, under the above conditions. Theorem 3. Suppose the data are generated by model (9) and that conditions B1-B3 are satisfied. If
In the same way as with the GEEE-independent working correlation estimator, the following Theorem 4 proposes an estimator of the VC-matrix of estimator β τ . Consider V iτ to be a consistent estimator of V iτ . Then, under the above conditions, Theorem 4 is stated as follows Theorem 4. Suppose the data are generated by model (9) and that conditions B1-B3 are satisfied. Assume
and
Simulation
In this Section, the small sample performance of the estimators is evaluated through extensive simulation studies. The random samples are generated from the following linear model (M γ ) :
Two versions of model (18) are considered with respect to the parameter γ ∈ {0, 1/10} : a location-shift model (M 0 ) corresponding to γ = 0, which helps assess the performance of the estimators for an homoscedastic scenario, and a location-scale-shift model (M 1/10 ) corresponding to γ = 1/10, serving to assess the performance of the estimators in the presence of heteroscedasticity.
The corresponding GEEE model of (M 0 ) is µ τ (y it ) = β 0τ + x it β 1 where β 0τ = β 0 + µ τ (ε it ), so that only the intercept term varies with τ and the expectiles functions are parallel lines. The GEEE model related to the (M 1/10 ) model is µ τ (y it ) = β 0τ + x it β 1τ where β 0τ = β 0 + µ τ (ε it ) and β 1τ = β 1 + γµ τ (ε it ). Therefore, in the presence of heteroscedasticity both the intercept and the slope vary with τ.
We generate the regressor x it from a Gaussian distribution in (M 0 ) and from a Chi-square distribution in (M 1/10 ) and set the parameters β 0 and β 1 to 0. In order to allow for simulation of dependent errors with different marginal distributions, we first simulate dependent uniform margins from a Gaussian copula with an AR1 correlation structure. We then generate the dependent random errors as quantiles of the uniform margins from three distinct marginal distributions: Normal, Student with three degrees of freedom and Chi-square with three degrees of freedom. We also centered the random errors on the τ -th expectile. Specifically, we generate the data as follows 1. Generate x it from a Gaussian distribution in (M 0 ) and from a Chi-square in (M 1/10 );
2. Generate a uniform sample: (u 1 , . . . , u mi ) from a Gaussian Copula with AR1 correlation structure;
, where F (.) is one of the three marginal distributions: Gaussian, Student or Chi-square distribution; 4. Center the random error:
5. Generate the final sample:
We used three different values for the AR1 correlation structure: low ρ = 0.1, medium ρ = 0.5, and high ρ = 0.9 correlations. Each model is produced according to two different sample sizes n ∈ {50, 100}. Finally, for the number of repeated measurements m i , a balanced design with m i = 4 and an unbalanced design are studied. In the unbalanced design, m i is an integer number randomly generated between 3 and 8 with equal probability. The extensive simulation is carried out with 400 replications for each parameter-combination scenario. In each scenario, the focus is on the effect of the regressor, x it , at the expectiles τ ∈ {0.25, 0.5, 0.75}. All computations are implemented in R code language (R Core Team 2018).
The results of the GEEE regression are analyzed using four different and popular working correlation matrices: independence, exchangeable, AR1 and unstructured correlation. The average bias (Bias) and relative efficiency (EFF) of the estimates are reported for the measurement of the quality of the different related estimators. The standard deviation (SD) of the 400 parameter estimates is used as a benchmark to evaluate the average asymptotic standard errors (SE).
We use the quasi-likelihood criterion (QIC) as a model-selection criteria to choose among the different working correlation structures. The QIC is a criteria developed by Pan (2001) for model selection and selection of working correlation structures. The QIC is a modification of the Akaike Information Criterion (AIC) for the GEE model. In our case, the statistic is defined as
where V R ( β) is the robust covariance estimate and Ω I is the inverse of the covariance estimate under the independent working correlation evaluated at β τ (R), the parameter estimate under the working correlation of interest.
To compare with the quantile regression approach, the simulation results of the linear quantile mixed model (lqmm) Bottai 2007,Geraci and Bottai (2014) ) were reported. The lqmm is a conditional quantile regression model with random effects parameters included to account for the within-subject dependence. The choice of the lqmm is motivated by the fact that the linear mixed model (lmm) estimate is equivalent to the exchangeable correlation estimate in the linear Gaussian setting, when τ = 0.5 (Liang and Zeger 1986) . The simulation was carried out by choosing, for each distribution, the asymmetric points for which the quantiles are equal to the expectiles. For example, the Gaussian quantiles of τ = (0.33, 0.5, 0.67) correspond to the Gaussian expectiles of τ = (0.25, 0.5, 0.75).
For the sake of brevity, we present in this paper only the simulation results for the normal distribution. The simulation results for the other distributions (Student and Chi-Square) are in the supplementary material I. We also published these results and the codes on our GitHub repository (https://github.com/AmBarry/ expectgee). Table 1 and Table 2 report the Bias and EFF results, respectively, for the (M 0 ) and (M 1/10 ) models when the error follows a multivariate normal distribution with an AR1 correlation structure and ρ ∈ {0.1, 0.5, 0.9}. Overall, the estimation biases are all very close to 0 for the location-shift and location-scale-shift scenarios. The bias of the three estimators is comparable for the three values 0.1, 0.5 and 0.9 of ρ. The Un and AR1 estimators do slightly better than the Ind estimator in term of efficiency, particularly when the correlation is higher ρ ∈ (0.5, 0.9). The Un estimator do much better in general than the other three estimators (Ind, Exc, AR1).
To evaluate the asymptotic standard error (SE), we use the standard deviation (SD) as a benchmark. The results are presented in Table 3 and Table 4 when the error follows a normal distribution respectively for the (M 0 ) and (M 1/10 ) models. We observe that the values of SD and SE decrease as n becomes large. In general, the values of SD and SE are identical for each of the estimators. This identity is more pronounced in the case of the independent and unstructured working correlation. Similar performances are observed when the error is generated by a Student or a Chi-Square distribution. These results can be found in the supplementary material I.
Overall, the different estimators are efficient and have small biases regardless of the correlation structure. Hence our results confirm that the GEEE method yields a consistent and highly efficient estimator even with a misspecification of the true covariance structure (AR1). Table 5 presents the QIC results of the different correlation structures with respect to the balanced/unbalanced data, the M 0 /M 1/10 model and the sample sizes n ∈ {50, 100}. The QIC is most likely to correctly select the AR1 structure from the four given correlation structures in the M 0 scenario, particularly for the unbalanced data. In the M 1/10 scenario, the QIC is most likely to select either the AR1 or the Un structure. This last result is unexpected but is not surprising. Similar results have been reported in (Jang 2011).
As in Pan's paper (Jang 2011), many did not include the unrestricted structure correlation as a candidate in the evaluation of the QIC or other criteria (Jang 2011) . But when included, the results showed that the QIC was strongly biased towards selecting the unrestricted structure. Please, see (Jang 2011 ) and the reference therein for further details.
The last Tables 6-7 report the simulation results (Bias and RMSE) of the lqmm estimator and the GEEE estimator with exchangeable working correlation. The results show that both methods are competitive in term of Bias and RMSE. 
Application
In this Section, the proposed method is applied to the repeated measurements labor pain dataset previously reported by Davis (1991) . It is a commonly used dataset in biostatistics, and used several times in the quantile regression framework (Jung 1996, Geraci and Bottai (2007) , Lu and Fan (2015) ). The dataset comes from a clinical trial on the effectiveness of a medication for labor pain relief for 83 women in labor. The treatment group (43 women) and the placebo group (40 women) were randomly assigned. The response variable is a self-reported score measured every 30 min on a 100-mm line, where 0 means no pain and 100 means extreme pain. A nearly monotone pattern of missing data was found for the response variable, and the maximum number of measurements per woman was six. Figure 1 shows the box-plot of the response variable for all women by treatment group. At first glance, we can determine that the response variable is non-normal. We also observe the evolution of the mean and the median over time. The objective is to study the effect of medication on the self-reported pain score from the following equation
where y it is the t-th measure of the pain for the i-th subject. R i is the treatment variable with value 0 for placebo and 1 for treatment, and T it is the measurement time divided by 30min. The corresponding GEEE equation, for a fixed τ
with fourth working correlation (Ind, Exc, AR1, Un), was estimated for three asymmetric points, (0.25, 0.5, 0.75). Table 8 presents the results of the estimated parameters, their standard errors, as well as their 95% confidence intervals. It is observed that the different GEEE methods produce comparable estimates. The estimated parameter β 1 is not significant in any of the models and the estimated parameter β 0 is not significant except for the percentile τ = 0.75. This indicates that the baseline pain does not differ significantly between the two groups. The estimated parameters β 2 and β 3 are significant at 5% level for the GEEE methods, except for β 3 of the GEEE with an Exc working correlation. This means that time and its interaction with treatment affect the amount of pain. To investigate the effect of the drug on pain over time, we study the evolution of this difference
for which the result is presented in Figure 2 . We see that medication helps women relieve their labor pain. Indeed, the pain of women in the placebo group grows faster with time than that of the treated group, and this is for all the GEEE methods and at different percentiles (0.25, 0.5, 0.75) .
Using the QIC measure to choose among the 4 working correlation structures leads us to select the Un (QIC = 2416.515) or the AR1 (QIC = 2416.924) correlation structures over the Exc (QIC = 2418.182) or the Ind (QIC = 2419.414) structures. These results are consistent with the structure of the dataset. The repeated data are uniformly spaced in time and the correlation of the response variable is stronger for adjacent measurements than for distant ones.
This real application shows that the GEEE method can be an excellent complement to the GEE method which remains a widely used method for the analysis of longitudinal data. In addition to taking into account the heterogeneity of covariate effects and the unobserved heterogeneity, the GEEE method inherits all the favorable properties of the GEE method. 
Conclusion
We combined weighted asymmetric least squares regression and generalized estimating equations to derive a new class of estimators: generalized expectile estimating equations estimators. This new GEEE class models the underlying correlation structure from one subject by formally including a hypothesized structure with the within-subject correlation. In addition, this new model captures the heterogeneity of covariate effects and accounts for unobserved heterogeneity. We also showed how to extend and adapt some of the most common and popular GEE working correlations.
We derived the asymptotic properties of this new estimator and proposed a robust estimator of its variancecovariance matrix. The results of the exhaustive simulations displayed its favorable qualities under various scenarios and its advantages in relation to existing methods. The QIC is most likely to select the correct working correlation (AR1) among the four working correlation structures used in the simulation. Finally, we fit the GEEE model to the labor pain data. The results revealed a strong association of treatment and time on the labor pain of the two groups of women. This result is consistent with the results obtained in other studies (Lu and Fan 2015, Leng and Zhang (2014) ). In addition, the results show that the heterogeneity of the evolution of pain according to time depends on whether one is in the center or on the left/right of the tail of the distribution response. The application of the QIC criterion to choose between the four correlation structures leads to the selection of either the AR1 or the Un working correlation structures.
The proposed model opens the door to other avenues of research. Unlike the quantile regression model, the expectile regression and the GEEE method will naturally generalize to the dichotomous or count data, or to other longitudinal models already used to estimate the effect of covariates on the average of the response. 
APPENDIX
Sketches of the proofs are provided below. A detailed version is available in the supplementary material II.
Proof of Theorem 1.
The proof of Theorem 1 is based on the following result from Hjort (2011). (2011) ) Consider A n (s) is convex and can be represented as
Corollary 1. (Basic Corollary of Hjort
where V is symmetric and positive definite, U n is stochastically bounded, C n is arbitrary, and r n (s) goes to zero in probability for each s. Then α n the argmin of A n , is only o p (1) away
With this result, the proof of Theorem 1 is obtained by approximating the objective function R N q using a convex quadratic function with a unique minimum. This approximation is possible through the following Lemma:
Lemma 1. Let r(t) = ρ τ (u − t) − ρ τ (t) + 2tψ τ (u)u then r(t) = O(t 2 ).
Proof of Lemma 1.
Replacing the functions ρ τ (·), and ψ τ (·) by their expression, the function r(·) is r(t) = |τ − 1(u < t)|(u − t) 2 − |τ − 1(u < 0)|u 2 + 2|τ − 1(u < 0)|ut.
According to the sign of t, we have:
(1 − τ )t The objective function R N q is defined as 
N q (δ).
Conditions A2 and A3 imply a Lindeberg condition and we have
where B is a zero mean Gaussian vector with covariance matrix D I0 (τ ). For the second term to the right of R N q we have, by condition A2,
Thus the limiting form of the objective function is
where B is a zero mean Gaussian vector with covariance matrix D I0 (τ ). Application of Corollary 1 gives the result of Theorem 1.
Proof of Theorem 2.
For the proof of Theorem 2, we must show the convergence of D I1 (τ ) and D I0 (τ ).
The matrix D I1 (τ ) is a diagonal matrix of general term 
Proof of Theorem 4.
As for Theorem 2, the proof of Theorem 4 consists in showing the convergence of D 1 (τ ) and D 0 (τ ). This is done following the same steps as Theorem 2.
